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Introduction

Operator Learning

¢ From learning functions to learning operators (mappings between function spaces).

Input space (function space) Output space (function space)
X CR” Y CR”

G: X =Y
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Introduction

Operator Learning

e Application: Fluid Dynamics, Material Science, Biophysics...
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Introduction

Neural Operator and its Bottlenecks

® Neural Operator: Utilizes spectral filters (FNO) or basis expansions (DeepONet),
etc.

e Bottlenecks:

@ Single-pass Limit: Accuracy is tied to model capacity and data scaling.
® Spectral Bias: Capture global structure but struggle with fine-scale details.

Speed comes at the cost of high-fidelity physical resolution.
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Introduction

The Accuracy-Efficiency Gap

® Numerical Solvers: Iterative error correction; Too slow for real-time applications.

® Neural Operators: Faster while missing fine-scale physics

IRNO: Mimics a numerical solver in iterations while maintaining the efficiency of neural

operators.

Numerical Solvers

Accuracy

Neural Operators

\

Efficiency
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IRNO

IRNO

a) Single Forward Pass Neural Operators

Coarse
Predictions

Single-Pass
Neural Operator

b) Iterative Refinement Neural Operators (IRNO)

Iterative Refinement
Framework
|' --------- K iterations --------- |

hii1 = i+ a®q(z; h)

Base i
—> h—>{z; h}> ®y(x; ) Fine-scale
YT ’ Predictions

p Refinement
L Operator Ypred

e TRNO:

@ A Base Operator for coarse initialization.

® A shared-weight refinement operator iteratively corrects the output at inference time.
® The network concatenates the original input x with the current estimate hy to predict

the residual update.
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IRNO

Learning Objective

Learning ObjeCtive: Etotal = Espatial + Bspectral Espectral + prﬁfp
* Multi-step Supervision: Lotial = 7 Z}i1 g — o>
* Fixed-point Regularization: Ly, = ||®g(z, 2

e Progressive Spectral Loss: Let hy = F (hi) be the Fourier transform of the
estimate.

k
L ipectral = Hkamek ()] — lite)|

where p (w, A\;) =1+ (|w]/|w]nyq ). Aj increases linearly from Agart t0 Aend ACTOSS
iterations.

1 S
Lspectral = T( Lspectral
k
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IRNO

IRNO

Iteration 4

Training Cutoff: K = 6

(b) Base Operator (FNO) Iteration 8 Iteration 10 Iteration 12

Figure: ERAb5 16x super-resolution
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Theories

Theoretical Outline

® Theoretical Foundations:

® Convergence Mechanism: Fixed-point iteration

® Underlying Assumptions: Three key conditions

e Main Results:

® Convergence Analysis: Error decay

® Generalization Performance: Error floor
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Theories

Assumptions 1

We model IRNO as learning a fixed-point iteration:

hk+1:hk+a-(1)9($,hk), k=0,..., K—1,

® Local affine approximation:
®(z, h) = b(x) + A(z, h)e + R(z, h),

where e = y — h, A(z, h) is a bounded linear operator, ||R(z, h)| < %||e||2.
Ideally, a perfectly learned refinement operator would satisfy ||b|| = 0.

Shuyuan Shang CUHK(SZ) SSE May 11, 2026

10/29



Theories

Assumptions 2

e Lipschitz continuity and strong monotonicity:Assume there exists p > 0 such
that for all h € Bs(y),

[A(z, h) = Az, 9)llop < pellel]

Furthermore, A(z, y) is locally bounded and strongly monotone, i.e., there exist
constants 0 < m < M < oo such that

(A(z. y)e,e) = mllel®,  [|A(z, y)llop < M.

Under this condition, choosing 0 < o < 2% guarantees |1 — aA(z, y)|lop = ¢ < 1.
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Theories

Assumptions 2

1D synthetic experiment

1
———- m=0 : == Full IRNO
e Full IRNO 1 mmm No deep supervision
[ No deep supervision :
i 10°
z =z
w ‘0
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o a
1071
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Multi-step (Deep) Supervision: Lgpatial = %(Zszl s — ol
=] 5 = E E DA
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Theories

Assumption 2

SciML Benchmarks: TR-2D & Active Matter

Dataset m (mean =+ std)
TR-2D U-Net (power iter.) 13.71 +2.41
Active Matter U-Net (power iter.) 3.01 £3.12
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Theories

Assumptions 3

® Initialization quality and invariant-ball: The base operator provides a
sufficiently accurate initialization | e|| < min {6, IQ;CQ} , c=a(5+p)

Further assume there exists r such that [|e|| < r < min {5, 12—_0{1} and
al[bl] < (1 —q—cr),

which is a small-bias condition ensuring the iterates remain in B,(y) C Bs(y).

Fixed-point Regularization: Ly, = || Py(z, i
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Theories

Main Results

Theorem (Quadratic—Linear Convergence)

In the linear-dominant regime (b= 0), the error decays geometrically:

k
lexll < ¢" lleoll

To achieve ||| < e, the required iteration complexity is:

= o (losllul /)

log(1/q)

Shuyuan Shang CUHK(SZ) SSE May 11, 2026 15/29



Theories

Main Results

Theorem (Convergence with Bias)

If b= ®(z,y) # 0 and ||b|| is sufficiently small, there exists a unique fized point h*
satisfying b* = h* + a® (x, h*). The iteration converges linearly to h* with limiting error:

aH bH 2
e[| < O ([Iv%)
140 A
= = Linear fit: slope=2.951 o 4004 ==~ Linear fit: slope=1.093 ,g/
Rile L s
% co0 | ; ¢ 300 -
¥ 80
E 60 2001 .
=
s 100
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Bias ||b] Bias |b|
(a) Active Matter (FNO) (b) TR-2D (TFNO)
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Experiments

Experimental Setup

® SciML benchmarks:
® Turbulent Radiative Layer (TR-2D)
Active Matter from the Well [2, 3, 4, 5]
ERAS global weather 16x super-resolution from SuperBench [6, 7, 8]
CE-Gauss from the RIGNO dataset [9]
® Metrics:
® TR-2D and Active Matter: Variance-scaled RMSE (VRMSE)
® ERAS5: Anomaly correlation coefficient (ACC) and relative Frobenius norm error
(RFNE)
® CE-Gauss: L? error
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Experiments

Experimental Setup

e Base Operators:

* TR-2D and Active Matter: FNO [10] and the Tucker-Factorized FNO (TFNO) [11].
® ERA5: FNO and the Wide-Activated Deep Super-Resolution network (WDSR) [12].
®* CE-Gauss: RIGNO [9]

¢ Baselines:

® Standard Base Operator
® Capacity-Matched Residual Model: single-shot residual correction networks with
parameter count and FLOPs exceed those of IRNO executed for K refinement steps.
® SOTA Models for Spectral Bias Mitigation:
@ High Frequency Scaling (HFS) [13]
® Hierarchical Neural Operator Transformer (HINOTE) [14]
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Experiments

Global Convergence Behavior

Dataset Metric Base Model Initial IRNO (Ours) Improvement(%)
TR-2D VRMSE | FNO 0.2394 0.1309 45.32%
TFNO 0.2371 0.1042 56.05%
Active Matter VRMSE | FNO 0.1017 0.0501 50.73%
TFNO 0.1981 0.0387 80.46%
ERAS ACC T FNO 0.7523 0.8871 17.92%
WDSR 0.9091 0.9104 0.143%
RFNE | FNO 0.3247 0.2345 27.78%
WDSR 02119 0.1953 7.83%

VRMSE

RFNE
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e IRNO achieves 45-56% reductions on TR-2D, 51-80% on Active Matter in VRMSE
and 27% in RFNE while increasing 18% ACC on ERAS5.

® Stable extrapolation
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Experiments

State-of-the-Art Models Comparison

Table: Baseline comparisons on ERA5

Method ACCT RFNE |
ResUNet-HFS 0.892  0.225
HiNOTE 0.906  0.222

IRNO (WDSR, Ours) 0.910 0.195

Table: HFS + IRNO on Active Matter

Base (HFS) k=1 k=2 k=3 k=4 k=6 k=8

VRMSE 0.0631 0.0518 0.0504 0.0495 0.0490 0.0486 0.0487
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Spectral Dynamics

Experiments
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(b) Instance-level spectral MSE trajectories.

® Refinement mainly attenuates error in mid-to-high frequency bands.

® The largest error reductions are observed near the Nyquist limit.

Shuyuan Shang

CUHK(SZ) SSE

May 11, 2026

21/29



Experiments

Transferability Across Base Operators

Dataset Metric Base Model Initial IRNO (Ours) Improvement(%) Dataset Metric Base + IRNOyy,in Initial IRNO Improvement(%)
TR-2D VRMSE | FNO 0.2394 0.1309 45.32% TR-2D VRMSE | FNO+IRNOpno  0.2396  0.0994 58.53%
TFNO 0.2371 0.1042 56.05% TENO + IRNOpyo 02366 0.1345 43.15%
Active Matter VRMSE | FNO 0.1017 0.0501 50.73% Active Matter VRMSE | FNO+IRNOpyo ~ 0.1004  0.0445 55.66%]
TFNO 0.1981 0.0387 80.46% TENO +IRNOgyo ~ 0.1955  0.1127 4236%
ERAS ACC 1t FNO 0.7523 0.8871 17.92% ERAS ACC 1 FNO + IRNOwpsg 07523 0.8022 6.22%
WDSR 0.9091 0.9104 0.143% WDSR + IRNOpyo  0.9091 09219 1.39%
RENE|  ENO 0.3247 0.2345 27.78% RFNE|  FNO+IRNOypsg 03247 0.2823 13.06%
WDSR 0.2119 0.1953 7.83% WDSR + IRNOgno 02119 0.1935 8.68%
Table: Original performances Table: Transferbility performances
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Experiments

Generalization to Irregular Meshes

Table: IRNO (K = 4) with RIGNO on CE-Gauss: autoregressive rollout over 7 timesteps.

Model t=1 t=2 t=3 t=4 t=5 {t=6 t=7
Base (RIGNO) 3.351 5.017 7.808 10.923 12.732 14.433 16.617
IRNO 2931 4.359 6.605 8990 10.371 11.450 13.080

Improvement 125% 13.1% 154% 17.7% 185% 20.7% 21.3%

® Early refinement holds up error accumulation in autoregressive rollout.
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Experiments

Cost—Performance Pareto Frontier
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(d) RFNE vs. Memory

Performance gains are driven by the refinement mechanism rather than by increased

model capacity.
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Experiments

Conclusion

® TRNO: A learned iterative refinement operator progressively reducing errors

® Theoretical Foundations: Contraction-based analysis

e Experimental results:

@ Consistent spectral error reduction
® Stable extrapolation
® Improved cost—performance trade-offs relative to capacity-matched baselines
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Experiments
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